THE MEAN CURVATURE 
OF THE SECOND FUNDAMENTAL FORM 
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STEFAN HAESEN*, STEVEN VERPOORT* 

Abstract. An expression for the first variation of the area functional of the second 
^\ . fundamental form is given for a hypersurface in a semi-Riemannian space. The concept 

of the "mean curvature of the second fundamental form" is then introduced. Some 
^vq | characterisations of extrinsic hyperspheres in terms of this curvature are given. 

p Notice. This article (arXiv:0709.2107v3) is an extended version of [T5]. 

< 

oo 

1. Introduction and Outline of the Article 
We shall be concerned with hypersurfaces of a semi-Riemannian manifold, for which 
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the real-valued second fundamental form E is a semi-Riemannian metrical tensor. The 
geometry of such hypersurfaces can be explored with respect to either the first or the 
second fundamental form. 

In analogy with the classical study of the geometry of hypersurfaces as determined by 
their first fundamental form, a distinction can be made between the intrinsic geometry 
^ ■ of the second fundamental form, which is determined by measurements of H-lengths on 

the hypersurface only, and the extrinsic geometry of the second fundamental form, which 
concerns those measurements for which the geometry of the second fundamental form of 
g i *. „ _ d * *. oo^po^ „ of nearby 

^ ; The Intrinsic Geometry of the Second Fundamental Form. 

It is a natural question to investigate the relation between the intrinsic geometry of the 
second fundamental form and the shape of the original hypersurface, and for this purpose 
the intrinsic curvatures of the second fundamental form have already been studied. 

For example, it is well-known that the second fundamental form is a flat Lorentzian 
metric on a minimal surface in E 3 . Conversely, D.E. Blair and T. Koufogiorgos showed 
that the pieces of a helicoid are the only non-developable ruled surfaces in E 3 for which 
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the Gaussian curvature of (M, I) vanishes [7j, and M. Becker and W. Kiihnel showed 
that the catenoid is the only surface of revolution in E 3 for which the second fundamental 
form is a complete and flat Lorentzian metric [5]. 

Numerous related characterisations of Euclidean spheres among ovaloids, i.e., among 
compact hypersurfaces in a Euclidean space with a positive definite second fundamental 
form, have already been found. For example, R. Schneider's theorem characterises the 
hyperspheres as the only ovaloids for which the second fundamental form has constant 
sectional curvature [21J. Some generalisations of this theorem for surfaces in certain 
Lorentzian manifolds have been found by J. A. Aledo, A. Romero, et al [21 G]- 

However, in the present article we are not concerned with the geometry of the second 
fundamental form from the intrinsic point of view, but we will study an aspect of the 
extrinsic geometry of the second fundamental form. 

The Extrinsic Geometry of the Second Fundamental Form. 

As is known, the mean curvature H of a hypersurface of a semi-Riemannian manifold 
describes the instantaneous response of the area functional with respect to deformations 
of the hypersurface. Since we are studying hypersurfaces for which the second fundamental 
form is a semi-Riemannian metrical tensor, areas can be measured with respect to the 
second fundamental form as well, so we can associate to any such hypersurface M its area 
as measured in the geometry of the second fundamental form. This area, which will be 
denoted by Arean(M), is related to the classical area element dfl by 

Arean(M) = / </\detA\dtt, 
Jm 

where A denotes the shape operator of the hypersurface. 

In this article, the notion of mean curvature will be tailored to the geometry of the 
second fundamental form: the function which measures the rate of change of Areaj(M) 
under a deformation of M, will be called the mean curvature of the second fundamental 
form and denoted by Hj. In this way, a concept which belongs to the extrinsic geometry 
of the second fundamental form will be introduced in analogy with a well-known concept 
in the classical theory of hypersurfaces. The mean curvature of the second fundamental 
form was defined originally by E. Glassner [TTJ [12] for surfaces in E 3 . The corresponding 
variational problem has been studied by F. Dillen and W. Sodsiri [§] for surfaces in E 3 , 
and for Riemannian surfaces in a three-dimensional semi-Riemannian manifold in [To] . 

Some characterisations of the spheres in which this curvature ifn is involved have been 
found. For example, it has been shown that the spheres are the only ovaloids in E 3 which 
satisfy = CyK; furthermore, the spheres are the only ovaloids on which Hj — Kj 
does not change sign (see [21] and G. Stamou's [2"3]). 

In the initiating §[2] of this article, the notation will be explained and several useful 
formulae from the theory of hypersurfaces will be briefly recalled. 
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In the following §|3j the first variation of the area functional of the second fundamental 
form is calculated and the mean curvature of the second fundamental form is defined. 

In §Hl a comparison result for the Levi-Civita connections of the first and the second 
fundamental form, which will be used in some of the subsequent proofs, is established. 

In the subsequent sections (§§ErE]) the mean curvature of the second fundamental 
form will be employed to give several characterisations of extrinsic hyperspheres as the 
only hypersurfaces in space forms, an Einstein space, and a three-dimensional manifold, 
respectively, which can satisfy certain inequalities in which the mean curvature of the 
second fundamental form is involved. 

In §E]the expresssion for will be investigated for curves. This is of particular interest, 
since the length of the second fundamental form of a curve 7, 



(where k is the geodesic curvature and s an arc-length parameter) is a modification of the 
classical bending energy 



which has already been studied by D. Bernoulli and L. Euler. Moreover, the results we 
present agree with W. Blaschke's description of J. Radon's variational problem p] and 
with a more recent article of J. Arroyo, O.J. Garay and J.J. Mencia p[]. 

In the final section, §[9j the function will be investigated for (sufficiently small) 
geodesic hyperspheres in a Riemannian manifold by means of the method of power series 
expansions, which was applied extensively by A. Gray [13J, and also by B.-Y. Chen and L. 
Vanhecke [El EH]- Furthermore, we address the question of whether the locally flat spaces 
are characterised by the property that every geodesic hypersphere has the same I 
a Euclidean hypersphere with the same radius. 



2.1. Assumption. All hypersurfaces are understood to be embedded and connected. 

2.2. Nomenclature. A hypersurface in a semi- Riemannian manifold is said to be (semi-) 
Riemannian if the restriction of the metric to the hypersurface is a (semi-) Riemannian 
metrical tensor. 

2.3. Notation. Since a hypersurface M in a manifold M will be studied, geometric ob- 
jects in M are distinguished from their analogues in M with a bar. Geometric entities 
derived from the second fundamental form are distinguished from those derived from the 
first fundamental form by means of a sub- or superscript E. For example, the area element 
obtained from the second fundamental form will be written as dfij. 





2. Definitions, Notation, and Useful Formulae 



4 STEFAN HAESEN, STEVEN VERPOORT 

2.4. Notation. The set of all vector fields on a manifold M will be denoted by X(M). 
Furthermore, $(M) stands for the set of all real-valued functions on M. If (M, g) is a se- 
mi- Riemannian submanifold of a semi- Riemannian manifold (M,g), the set of all vector 
fields on M which take values in the tangent bundle TM is denoted by X(M). The 
orthogonal projection T p M — > T P M will be denoted by [-] T . 

2.5. The Laplacian. The sign of the Laplacian will be chosen so that Af = f" for a 
real- valued function on R. 

2.6. The fundamental forms. Let M be a semi-Riemannian hypersurface of dimension 
m in a semi-Riemannian manifold (M,g). We shall suppose that a unit normal vector field 
U G X(M) has been chosen on M. The shape operator A, the second fundamental form 
I and the third fundamental form IE of the hypersurface M are defined by the formulae 

( A : X(M) -> X(M) : V i-> -Vy^! 

(1) < II : X(M)xX(M) -> S(M) : (V, W) ^ ap(A(V),W); 

( II : X(M)xX(M) -> ff(M) : (V, W) i-> c/(^(V), , 

where a = ~g(U,U) — ±1. It will be assumed that the second fundamental form is a 
semi-Riemannian metric on M. 

2.7. Frame fields. Let {E%, . . . ,E m } denote a frame field on M which is orthonormal 
with respect to the first fundamental form g. Define £j (z = 1, . . . , m) by £j = g^-Ej, = 
±1. Furthermore, let {Vi,...,V^} be a frame field on M which is orthonormal with 
respect to the second fundamental form E. Define Ki (i — 1, . . . , m) by Ki — Vj) — ±1. 

2.8. Curvature. The following convention concerning the Riemann-Christoffel curvature 
tensor R will be made: for X, Y, Z E X(M), we define R(X, Y)Z = S7 [x ,y} z ~ ^x^ Y Z + 
Vy^xZ. The Ricci tensor and the scalar curvature will be denoted by Ric and S. The 
mean curvature H of the hypersurface M is defined by 

H=-tr(A) = -Y^I(E l ,E i )e l . 

8=1 

The (M, g r )-sectional curvature of the plane spanned by two vectors v p and w p in T P M, 
will be denoted by K(v p , w p ). The symbols K^(v p , w p ) and K(v p , w p ) will be used in accor- 
dance with the remark of § 12.31 Similarly, the scalar curvature of the second fundamental 
form will be denoted by Si. 

2.9. The difference tensor L. The difference tensor L between the two Levi-Civita 
connections V 1 and V is defined by 

L(X,Y) = VlY-V x Y, 
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(parallel transport w.r.t. V 1 ) 
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Figure 1. Interpretation of the difference tensor in terms of parallel transport, 
where X, Y G X(M). The trace of L with respect to I is defined to be the vector field 

m 

tr n L = y^L(K-,^K > 

8=1 

where and have been defined in § 12. 71 

Remark 1. The difference tensor L can easily be interpreted in terms of parallel trans- 
port. Assume p G M and v , w G T p M are given. Choose a curve 7 : R — ► M such that 
7(0) = p and 7'(0) = w. By we will denote the vector of T 7 ( e )M obtained by parallel 
translation of v along 7 with respect to V. By v* we will denote the vector of T P M which 
is obtained by parallel transport of the vector v* back to p along 7 with respect to V n 
(see Figure [T]). It is not hard to show that 

v — v 
L(v, w) = lim — . 

e^O e 

2.10. The equations of Gauss and Codazzi. The Riemann-Christoffel curvature ten- 
sor R of the hypersurface M is related to the second fundamental form by means of the 
Gauss equation 

g(R(X, Y)Z, W) = g(R(X, Y)Z, W) + a [l(X, Z) E(F, W) - JL(X, W) I(Y, Z) ) , 
which is valid for all tangent vector fields X, Y, Z,W G X(M). As a consequence, we have 
(2) Ric(X, Y) = Ric(X, Y)-a g(R(X, U)Y,U) + amHI(X,Y) - a M(X, Y) . 
The Codazzi equation of the hypersurface is 

(V X A)Y - (V Y A)X = R(X, Y)U , 

for all X,Y e X(M). 
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3. The Variation of the Area of the Second Fundamental Form 



3.1. The area functional of the second fundamental form. Let S denote the set of 
all hypersurfaces in a semi-Riemannian manifold (M, g) for which the first as well as the 
second fundamental form is a semi-Riemannian metrical tensor. Our first objective is to 
determine the critical points of the area functional of the second fundamental form 

Areai :^->R:Mi-» Area n (M) = / dfi n • 

J M 

3.2. The mean curvature of the second fundamental form. 

Definition 2. Let M be a hypersurface in a semi-Riemannian manifold (M, ~g), and 
suppose that the first as well as the second fundamental form of M is a semi-Riemannian 
metrical tensor. Let 

li: }-e,e[ xM^M: (s,p) » fx s (p) 

be a mapping such that 

£t s (M) E £ for all s; 

Hsip) — P f° r an V outside of a compact set of M and all s; 
fj,a(p) = p for all p e M. 

Then /i will be called a variation of M in $ . 

Definition 3. Let M be a semi-Riemannian hypersurface of a semi-Riemannian manifold 
(M, T?) which belongs to the class S. The vector field Z in X(M) is defined by 



Z = J2 Ki A*-(jR(V i ,U)V i \ 
i=i 



T 



Here denotes the inverse of the shape operator A, and Vi and Ki were defined in § 12.71 

It can easily be seen that the vector field Z vanishes if {M,g) has constant sectional 
curvature. If M has dimension three, the vector field Z is equal to 4^-, where the vector 
field Z has been defined in [31 [TB] by the condition 

VATgX(M), Ric([/,X) =I(Z,X). 

Theorem 4. Let M be a hypersurface in a semi-Riemannian manifold (M,7?) for which 
the first as well as the second fundamental form is a semi-Riemannian metrical tensor. Let 
fi be a variation of M in $ , for which the variational vector field has normal component 
f U . The variation of the area functional Areai is given by 





ds 



s=0 



Area n (^M) = -a [ f ■ \ \ m H - yS(R(^, £7)^, [/) 



OL 

+— A n log |detA| — adiv n Z 
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This theorem can be proved by similar methods to those used in [16] (see also [25]). 
The formula for the variation of the second fundamental form which was given there, can 
be generalised to hypersurfaces in the following way: 
d 



ds 



s=0 



I(fi,)(X,Y) = af [g(R(U,X)U,Y)-W(X,Y)) +Ress f (X,Y) . 



The left-hand side of this expression, which is valid if the variational vector field is equal 
to fU, is defined as in j l(i . 

Definition 5. Let M be an m-dimensional hypersurface in a semi-Riemannian manifold 
(M, g) for which both the first and the second fundamental forms are semi-Riemannian 
metrical tensors. The mean curvature of the second fundamental form Hn is defined by 



(3) 



rn 



H - ]T^(R(K, U)Vt, U) m + |A n log |detA| - a div n Z 



i=i 



If Hn = 0, the hypersurface will be called JL-minimal. 

Remark 6. This definition extends those of (TTJ [T2j; in [TH], the sign of was chosen 
differently. 

Example 7. The standard embedding of S m (-^) in S m+1 (l) is I-minimal. Furthermore, 
the standard embedding of S fc (^) x S m ~ k (-^) in S m+1 (l) (see, e.g., [18J ) is a E-minimal 
hypersurface (k = 1, . . . ,m—l). These assertions can be proved with ease when one takes 
into account the fact that these hypersurfaces are parallel (in the sense that VI = 0). 

Remark 8. As a consequence of Theorem H] and Definition [51 we obtain the following 
formulae for the variation of the classical area (Area) and of the area of the second 
fundamental form (Arean): 

d 



ds 
d_ 

ds 



Area(/i s (M)) 



s=0 



Are ai (// S (M)) 



-ma / fHdQ; 



a / /tfndftn- 



s=0 

Remark 9. The expression for Hi can be rewritten in an alternative way at a point 
p G M where the frame fields can be chosen such that 

• the g-orthonormal basis {Ei(p), . . . , E m (p)} of T P M is composed of eigenvectors 
of the shape operator (principal directions) at p: 

A{Ei(p)) = Aj(p) Ei(p), (i = l,...m); 

• the E-orthonormal basis {Vi(p), . . . , V m (p)} of T P M consists of the rescaled prin- 
cipal directions at p: 

1 



Vi(p) 



V\HpJ\ 



Ei(p) 



(z = 1, . . . m) . 
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In this case, the following expression for the mean curvature of the second fundamental 
form holds at the point p: 



i=i 



+ ^A n log|detA| - |div n Z 



(p) 



Remark 10. By using the contracted Gauss equation (T2]), yet another expression for the 
mean curvature of the second fundamental form can be derived: 

(5) # n = ~ ^tr n Ric - tr n Ric + a(m 2 - 2m)H - ^Ajlog \detA\ + divjZ j . 

4. A comparison Result for the Connections 

In the sequel of this article we will make use of the following Lemma, which slightly 
extends well-known results ([T7] Thm. 7, [22], and [TO], Cor. 13). First we recall a useful 
definition. 

Definition 11. A totally umbilical, compact hypersurface M of a semi-Riemannian mani- 
fold (M, g) which satisfies A = pid for a constant p G M, is called an extrinsic hypersphere. 

Lemma 12. Let M be a compact hypersurface of a semi-Riemannian manifold (M,~g). 
Suppose that both the first and the second fundamental forms are positive definite and that 
these metrical tensors induce the same Levi-Civita connection. Furthermore, assume that 
(M, g) has either strictly positive or strictly negative sectional curvature. Then M is an 
extrinsic hypersphere. 

Proof. (First Version.) As an immediate consequence of V = V 1 , we see that 

R(X, Y)Z = R 1 (X,Y)Z 

holds for all X, Y, Z £ X(M). Let p G M be an arbitrary point and choose an orthonormal 
basis {_&l(j>), . . . , E m {p)} as in Remark [HJ 

A{E l {p)) = \ i {p)E l {p) (z = l,...,m). 

These vectors can be extended to a smooth orthonormal frame field {Ei, . . . , E m } on a 
neighbourhood of p in M. For any choice of i ^ j G {1, . . . , m}, there holds 

K-mpiE^)) ,'m^E^E 



^-{Ei,Ej)l{Ej, Ejj j (p) 
aXjgiR^E^E^Ej 



" K(E i{p) ,E M ). 



\(p) 
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Since the above equation remains valid if the role of i and j is interchanged whereas 
K(Ei(p), Ej(p)) ^ 0, it follows that M is totally umbilical. This means that A = pid for 
a function p : M — > K. Furthermore, for all X, Y, Z £ £(M), 

o = (v£i) (y, z) = (Vxi) (y; z) = «i \ P ] 9 {y, z) . 

Consequently, p is a constant. □ 

Proof. (Second Version.) Assume that the conditions, as stated in the lemma, are satisfied 
for a hypersurface which is not an extrinsic hypersphere. Thus the open set of all non- 
umbilical points on M is non-empty and a non-umbilical point p £ M can be chosen, in a 
neighbourhood of which the principal directions {Ei, . . . , E m } are smooth. The fact that 
p is non-umbilical means, after a possible re-numbering of indices, that 

Ai(p) = A 2 (p) = ••• = A fc (p); 
Ai(p) ^ Afc+i(p) ; 

< 

Ai(p) ^ A m (p), 

for some fc £ { 1 , . . . , m — 1}. 

Since the first and the second fundamental form induce the same Levi-Civita connection, 
there holds VA = 0. Thus for X £ X(M) and i, j £ {1, . . . , m}, we have 

= g {{V x A)E i: Ej) = (\i - XMVxEi, Ej) - X^j , 

and in particular, 

(6) = g{V x Ei, Ej) (for l^i^k<k+l^j^ m). 

Now choose a curve 7 on M satisfying 7(0) — p — 7(1), and choose a vector v p £ 
span {Ek+i(p), • • • , E m (p)}. The vector field which is obtained by parallel translation of 
this vector v p along the curve 7 will be denoted by V = ^Ei + • ■ ■ + ^ m E m . Taking the 
fact © into account, we deduce that 

r = g(V Y V,e 1 ) = (e)' + eg(V Y E 2 ,E 1 ) + ■•• + £*<7(V y £ fe ,£i); 

{ = ^(Vyy,^) = (0' + eg(^'Ei,E k ) + ■■■ + ^^(Vy^i,^). 

The crucial remark which has to be made is that the functions . . . , £ m do not enter 
in these equations because of (jHJ), whence a system of first-order differential equations in 
the functions . . . with initial conditions ^(0) = 0, . . . ,£ fc (0) = is obtained. The 
conclusion is that = • ■ ■ = £ k = 0. 

It has thus been shown that the action of the local holonomy group leaves the subspace 
span {Ek+i(p), • • • , E m (p)} of T p M invariant. 
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Now the local de Rahm theorem can be applied, which gives us that a neighbourhood 
of p G (M, g) is isometric to a Cartesian product of Riemannian manifolds. This is in 
contradiction with the assumption that (M, g) has non-vanishing sectional curvature. □ 

5. Hypersurfaces in a Space Form 

We shall use M^ +1 (C) to denote the following Riemannian manifolds of dimension 
m + 1: 

the Euclidean hypersphere S m+1 (— (for C > 0) ; 



c _ 

the Euclidean space E m+1 (for C — 0) ; 

the hyperbolic space H m+1 (^i==) (for C < 0) . 



c 

We shall use M^ +1 (C) to denote the following Lorentzian manifolds of dimension m + 1: 

the de Sitter space Sf +1 (^=) (for C > 0) ; 

Vc _ 

the Minkowski space E™ +1 (for C = 0) ; 

the anti-de Sitter space R™ +1 (-?=) (for C < 0) . 



Each of the above semi- Riemannian manifolds has constant sectional curvature C. 

Lemma 13. Let M be a compact semi- Riemannian hypersurface in a semi- Riemannian 
manifold (M,~g) of constant sectional curvature C and dimension m+1 (with m ^ 2). 
Assume that the second fundamental form of M is positive definite. The inequality 

(7) <2or(m-l) ^H^ + CtrA^) 

is satisfied if and only if the Levi-Civita connections of the first and the second fundamental 
forms coincide. 

Proof. The following expressions are valid for the curvatures which are involved in the 
above inequality: 



Hj = - atr A- CtrA^ + 



aA n deL4 a E(V I detA, V n deU) 
4 detA ~ 4 (detA) 2 



lE(V n deU,V n detA) 



Sj = a(m-l) [atrA + CtrA 4 -] + I(L, L) -- (drt _ [y 2 

where the quantity E(L, L) is defined by 

m m 

i(l,l)= mHv i ,v j ),v k )) 2 K i K j K k = (M L (Vi,yj),Vk)) 2 . 

i,j,k=l i,j,k=l 

The first expression is an immediate consequence of Equation (j4j). The second expression 
can be found in, e.g., [21] (if (M,g) is the Euclidean space of dimension m + 1), [2] (if 
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(M, g) is the de Sitter space of dimension m + 1), or [T] (if (M, g) is a Riemannian space 
form of dimension m+1). The inequality ([7]) is equivalent to 

(m - 1) AndetA (2m - 3) I(V n detA VMetA) 

det~4 4 (de^ E(L ' L) ' 

and this implies 

detA = constant and V = V n . 

Conversely, if V = V n , it follows that VI vanishes. Consequently, detA is a constant and 
the inequality is satisfied. □ 

Theorem 14. Let M be a compact Riemannian hypersurface in the space form (C) 
(for m ^ 2). Assume that the second fundamental form of M is positive definite. The 
inequality 

(8) 5i ^ 2a(m-l) fi/n + Ctr^j 

is satisfied if and only if M is an extrinsic hypersphere. 

Proof. Three cases will be treated separately. 

1. M™ +1 (C) is a Riemannian space form. It has already been shown that inequal- 
ity ([H]) implies that M is parallel, in the sense that VI vanishes. Such hypersurfaces 
were classified in Theorem 4 of [18J. If C ^ 0, the only hypersurfaces with a pos- 
itive definite second fundamental form which appear in this classification are the 
extrinsic hyperspheres. If C < 0, the extrinsic hyperspheres are the only compact 
hypersurfaces in the classification. 

2. M e (C) is a Lorentzian space form with C ^ 0. It follows from the Gauss 
equation that (M, g) has strictly negative sectional curvature. The result follows 
from Lemmas [12] and [13j 

3. M e (C) is the de Sitter space. It follows from ([H]) that VA vanishes. Conse- 



quently, M has constant mean curvature and an application of Theorem 4 of 
concludes the proof. 

□ 

6. Hypersurfaces in an Einstein Space 

Theorem 15. Let (M,^) be a Riemannian Einstein manifold of dimension m+1 (with 
m ^ 3) with strictly positive scalar curvature S. Any compact hypersurface M C M with 
positive definite second fundamental form satisfies 



(9) tf n + m^/(^)s^trnRic 




12 STEFAN HAESEN, STEVEN VERPOORT 

if and only if it is an extrinsic hypersphere with A = -y/^r^^Yj id. Moreover, in this 
case there holds Hi = 



(m-2)(m+l) 

s 



Proof. Since Ric = ^-j- g, we deduce that tr n Ric = ^-j-trA* - . Define j3 and p by 



P — \l ( 7 J 5 1 and p 



m + 1/ y (m — 2)(m + 1) 

Furthermore, the principal curvatures will be denoted by Aj (z = 1, . . . , m). It follows now 
from (jSJ) and the assumption that 

~~ " dfi n 



y"tr n Ricdfi n = y 2flk + ^^^|- + ^ 

^ ^2 ^/fn + m/jj dfi n > J tiiRicdfii. 
This is only possible if all principal curvatures are equal to p. □ 

7. Surfaces in a three-dimensional semi-Riemannian Manifold 

All previous results agree with [TB] if the surrounding space is three-dimensional (except 
for the sign convention of Hi). Moreover, some results can be sharpened. Assume M G $ 
and m = 2. Let Ki denote the Gaussian curvature of (M, E). Consequently, the relation 
2Kj = Si is valid. 

Theorem 16. Let M be a compact surface in a three-dimensional semi-Riemannian man- 
ifold (M,g) and suppose that the first as well as the second fundamental form of M is 
positive definite. Suppose that the Gaussian curvature K of M is strictly positive. Then 
M is an extrinsic hypersphere if and only if 

(10) Ki ^ aHi + ^trnRic. 

Proof. Assume first that ffTUj) is satisfied. A minor adaptation of the proof of Proposition 5 
of [IB] shows that M is totally umbilical, and that equality is attained in ffTUj) . An 
application of Theorem 6 of [16] shows that we have 



Ki = a Hi + ^tr n Ric - ^A n log(detA) , 

and consequently detA is a constant. The converse follows since, if M is an extrinsic 
hypersphere, Theorem 6 of [16] shows that equality holds in (1101) . □ 



The following Corollary, which follows immediately from the above Theorem and The- 
orem fTU generalises a result of [T9l E3] . 
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Corollary 17. Let M be a compact Riemannian surface in the space form M (C) (with 
C G W) or the de Sitter space. Assume that the second fundamental form of M is positive 
definite and that the Gaussian curvature of (M, g) is strictly positive. Then either 



Hj-aKx + 2 



CH 
K-C 



changes sign or M is an extrinsic sphere. 

8. Curves in a semi-Riemannian Surface 

Let 7 : ]a,b[ — > (M,g~) : s i— > 7(5) be an arcwise parametrised time-like or space-like 
curve in a semi-Riemannian surface. Let T denote the unit tangent vector 7' along 7. It 
will be supposed that g(VrT, VtT) vanishes nowhere. By virtue of this property, 7 is 
sometimes called a Frenet curve. On the other hand, this requirement precisely means 
that II is a semi-Riemannian metrical tensor on 7. Let {T, U} be the Frenet frame field 
along 7: 

1 



T 



7 



U 



-.VtT. 



\g(V T T, V T T) I 

Further, we set (3 = g(T,T) = ±1 and a = g(U, U) = ±1. The geodesic curvature k of 7 
in (M, g) is determined by the Frenet-Serret formulae: 



' V T T ' 




' (3k y 




' T " 


k V T U t 




—an 




U 



The geodesic curvature n is equal to the mean curvature of 7 C (M,^). The functional 
which measures the length of a curve with respect to the second fundamental form, which 
will be denoted by Lengthj instead of Arean, can be computed as the integral 



Lengthj(7) = / ^/\k\&s . 

J -V 



Let K denote the Gaussian curvature of (M,g). A calculation shows 



Example 18. A curve 7 (with k > 0) in E 2 is E-minimal if and only if the curvature k, 
when regarded as a function of the arc-length, satisfies 



12) 



4k 4 + 2kk"-3(k 



/\2 







This differential equation can most conveniently be solved by introducing the function 
= -. With this notation, the above differential equation (fl2"]) is equivalent to 



(13) 



i" + (^) 2 



0. 
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Taking the derivatives of both sides of the above equation ( fl3l) . there results <fi'" = 0. It 
is now easily verified that the formula 

A 

= A2f n\2 — T (where A £ ]0, +oo[ and Q £ R) 

describes the general solution of the initial differential equation (fl2l) . This shows that 
the catenaries are exactly the I-minimal planar curves. (Compare [SJ § 27] for the corre- 
sponding variational problem for space curves.) 

Remark 19. It can be asked as well, whether a curve in E 2 can be found which minimises 
Length n among all curves with n > joining two given points. This requirement is 
stronger than merely E-minimality of 7, since non-compactly supported fixed-endpoint 
variations of the curve should also be taken into account. A simple argument shows that 
no such minimum exists: if 7^ is an arc of a circle of radius R which joins the two given 
points, there holds 

lim Length (7^) = 0. 

R^co 

Example 20. For curves on the unit sphere, the equation = can be rewritten as 

Ak 2 - 4/t 4 - 2k" k + 3(k') 2 = . 

This is equation (4) of [1] , if the length functional of the second fundamental form Length E 
is interpreted as the so-called curvature energy functional. As is proved and beautifully 
illustrated in j3], there exists a discrete family of closed, immersed, E-minimal curves on 
the unit sphere. Then S 1 ^^) C S 2 (l) is an embedded "E-minimal" curve which belongs 
to this family. This curve is, as is remarked in [1], actually a local maximum of Areaj. 



9. Geodesic Hyperspheres in a Riemannian Manifold 

9.1. Overview of the Results of this Section. As a final example we shall investi- 
gate the (sufficiently small) geodesic hyperspheres in a Riemannian manifold, since these 
provide us with a naturally defined class of hypersurfaces with a positive definite second 
fundamental form. We will use the method of power series expansions, hereby relying on 
computations of [HI UHl EH] • 

It will first be shown (Theorem \TI\i that a Riemannian space for which the value of 
agrees for every geodesic hypersphere in any of its points with the corresponding value 
for a hypersphere of the same radius in a Euclidean space, has to be locally flat. 

Let us next denote the geodesic hypersphere of centre n and radius r by ^ n ix)- It was 
asked in [14J whether the Riemannian geometry of the ambient manifold {M,g) is fully 
determined by the area functions 

M x ]0, +oo[ — > K. : (n, r) 1— ► Area(£f n (r)) (r sufficiently small) 
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of the geodesic hyperspheres. It appears that a decisive answer has not yet been given. 
Similarly, it may be asked whether a Riemannian manifold for which every geodesic hy- 
persphere has the same E Euclidean hypersphere of the same radius, is locally 

flat. In analogy with [TJ], we were only able to give an affirmative answer if additional hy- 
potheses are made (Theorem l23l) . For example, the question is answered in the affirmative 
if the dimension of the ambient manifold does not exceed five. 

Let us now explain the technical calculations which result in Theorems [22] and [231 

9.2. The co-ordinate system. Let n be a point of a Riemannian manifold (M,g) of 
dimension m+ 1, and choose a unit vector e G T n M. Consider the geodesic 7 satisfying 
7(0) = n and 7'(0) = eo- Our purpose is to determine the first few terms in the power 
series expansion (in the variable r > 0) of the value (i/j) / ^ which the mean curvature 
of the second fundamental form of the geodesic hypersphere £f n (r) of radius r and centre 
n assumes in the point j(r). In extension, the letter r will designate also the distance 
function with respect to the point n. It will be assumed throughout that r > is 
sufficiently small, in order that everything below is well-defined. 

We choose an orthonormal basis {e , . . . , e m } of T n M and consider the associated nor- 
mal co-ordinate system ) of (M, g) centered at n: 



For any fixed r, a co-ordinate system of 5f„(r) is given by x = (x 1 , . . . , x m ) in a < S n {f)- 
neighbourhood of the point 7(7") = exp(reo). 

It should be noticed that the co-ordinate vector fields dj of M and dj of @ n (r) are 
related by (J — 1, . . . ,m) 



and in particular there holds dj = dj along 7. (See also Figure El) Overlined tensor 
indices will refer to the co-ordinate system x, whereas ordinary tensor indices refer to the 
co-ordinate system x of the geodesic hyperspheres with centre n. The coefficients of the 
Riemannian curvature tensor of (M, g) are determined by (z, u, v, e = 0, . . . , m) 

RjuTJe = g(R(<9 4 , d u )d v , d e ) . 

In [8] , the expansion of the mean curvature H of the geodesic hyperspheres was given 
at the point 7(7") : 




dj = dj - ^<9 



16 
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It is follows from this expression that the locally flat spaces are the only Riemannian 
manifolds for which all geodesic hyperspheres have constant mean curvature which is equal 
to the inverse of their radius. 
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9.3. The first fundamental form. The following expansion for the first fundamental 
form is given in [TBI Cor. 2.9]: 



9iJ — ~ g ^ cj) („) X X — - ^ (VaRcIe j) ^ X X X 

ac=0 ace=0 
1 m 1 P. m 

( 14 ) + 7^ J2 f-6V^ I55 + — VRaicsRW) xVW + ^(r 5 ). 

IZU ^ V O ^ / (n) 



ace«=0 s=0 



This formula is valid for z, j = 0, . . . , m and holds on the normal neighbourhood of n. The 
formula implies 



" (7(0) 



(n) 



(15) 



16 



120 



SVjjjRojoj - ! - „ ^ ^ RptogRpjos J "I - 



s=0 



(») 



9.4. The shape operator of the geodesic hyperspheres. It should be noticed that 
formula (3.5) of [H] gives the components of the shape operator with respect to an or- 
thonormal frame field. As a consequence of this formula (3.5), the following expression 
holds: 



, / -1 \ , (-1 = 



(16) (logdetA) Wr)) + mlog(r) = r 2 ( — Ric So - J + r d ( — VoRic S o 



(n) 



(n) V ^ / (n) 

5\ 



It follows from this equation that the locally flat spaces are the only Riemannian manifolds 
for which all geodesic hyperspheres have constant Gauss-Kronecker curvature which is 
equal to the inverse of the m-th power of their radius. 

In order to find an expression for the co-ordinate coefficients of the shape operator 
of ^ n {r\ we will compute the Christoffel symbols of (M,~g). Partial derivatives will be 
denoted with a vertical bar | in tensor components. From (11411 we deduce the following 
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expression (for e, i, j = 0, . . . , m): 



(&5|e) 



3l«/(7(r)) 



(17) 



(n) 



(n) 



T / 2 2 2 2 



120 



+ I^\^R R , R 



s=0 
m 



+I^^Tr r + I^^Tr r 



s=0 



| + 0{r* 

(n) 



The inverse components of the metric are given by: (t, j = 0, . . . ,m) 



(5") 



(7(0) 



+ r 2 ( ^Roio 3 ) + r 3 ( ^V„Ro I53 j + ^(r 4 ) 

° / (n) V b / (n) 



Remark 21. According to the Gauss lemma, the matrix (g^) has the following structure 
at the point 7(7") : 



(9- 



13 



l( 7 (r)) 



1 ••• 

0TT 9im. 

; ; 

mm J 



(7(0) 



1 ••• 

011 ••• Jim 

; ; 

k Cj m 1 • • • (j m m 



(7(0) 



Consequently, the same holds for the inverse matrix. This means that (for 1,] = 1, . 
formula (|18p gives also the inverse components 



• , m 



(7(0) 



of the metrical tensor g of 5f n (r), at a point on the curve 7. 

The Christoffel symbols T J -^ of (M, g) with respect to the co-ordinate system x can be 
computed by means of equations ( |T7|) and ( jl"8l) at a point of 7. 

On the other hand, the inward pointing unit normal vector field U of Sf n (r) is given by 



1 m 



u=0 



THE MEAN CURVATURE OF THE SECOND FUNDAMENTAL FORM 



19 



Since (r^) , . „ = for % = 1 . . . m, we obtain (for r > 0) 



' ( 7 (r)) 
A (^l( 7 (r)) 



Aid, 



(7(r))' 



i /_ m __ _ 



s v=0 



Mr)) 



Mr)) 



Mr)) 



Consequently, there holds ^5 is + = A* at the point j(r). In this way, we obtain the 
following expression for the shape operator of & n (r) at 7(r): (z, j = 1, . . . , m) 



(n) 



(19) 



j T 1 y» . _ 

(A S )( 7 (r)) = -$*s ~ g (RoIos) (n) - -J (VoR 5 i 5 s) (n 



u>=0 / ( n ) 

Finally, we can compute the components of the second fundamental form in the following 



way (i, j = 1, . . . ,m): 
(I* 

(20) 



H 3>Mr)) 



1 2r _ , 

~ V&l) ( n ) _ "3" V^° J ° V 



5r 2 

(n) ~ ~[2 

2 

15 



f V R 1 o 



(n) 



—3 2 2 m 



s=0 / (n) 

Since the above equation is only valid at the single point 7(7") = exp(reo) of & n ( r ), it 
needs to be rewritten in order to compute the leading term of E 4J | e at 7(7"). A more 
general expression for \ lv which is valid at any point p = exp(r£) with co-ordinates 
(x°, . . . , x m ) (for a unit vector £ 6 T n M, as in Figure EJ), is obtained by 



substitution of < d. 



Mr)) 



l(n) 



^l(p) - ^iL^ a 



(p) £° "0|(p) 



e 



in the previous formula. The result is 



b y s ^l ( n)-^ 5 o| (n) 



t 1 v^m a 



r \ 13 (x ) 2 3 ^ \-<"^>{n)~ ~ • 3 

v ' ac=0 ac=0 



(21) 



^ ^ 



(n) ^0 



x a x c 



X^ X^ 



(n) (^o): 



: x a x c I + €?(r 2 ) 



ac=0 ac=0 

where the function (x ) 2 can be expressed in the co-ordinate system x on & n (r) by 



( x °) 2 = r 2 - (a; 1 ) 2 - ... - (a;-) 2 



20 STEFAN HAESEN, STEVEN VERPOORT 

Consequently, there holds (i,j,e— 1, . . . , m): 

(22) (I„, 6 ) (7(r)) = ^ {R-e^ + (n) + @{r) . 

In this way, we obtain an expression for the leading term of the Christoffel symbols of the 
second fundamental form at j(r) with respect to the co-ordinate system x of the geodesic 
hyperspheres (z, j, s — 1, . . . , m): 



(r 2 ) 



2r — — 

(23) ( r iij) ( 7 ( r )) = y {Rsioj + Roisj) {n) 

After some work, it can be concluded from equations ({TBI . (I2T)]) and (J23D that 

_2r _ 

A n logdeU| (7(r)) = — (S-(m + l)Ric 5 ,) (n) 

+r 2 (-S\o + ^(m + 2)VoRic S o 



(n) 



16 m X4 

j —^T ^ ^ RovowR'^vw ~\~ ^^(3 ~\- 7Tb) ^ ^ (R-oUouj) 
vw=0 vw=0 



Y m _ 9 3 

(6 + 2m)— 2l — 22^,— N : 
+ E ; V 55 Ric 5 , + _ £ (Ric 5 ,) 



45 

v=0 



1- 



--(Ric„) --ARic 55 l +^(r 4 ). 

/(n) 

9.5. Further computations. We will not give the details of the further calculations 
which can be performed in a similar way. The E-divergence of the vector field Z is given 
by: 

div]iZ| (7{r)) = r((m + l)RiCoo-^) (n) 

+r 2 (m+ 2) VoRi^o o - -% 



(n) 

— 1 n fm + 3) 2 

+r-3 ( "§~ Rsio jRi^u + 9 VnoRiCoo 



m 



+ -^(Ric SIJ ) + 3 2^( R ^?) 

-HeSS ( ^ )55 -- (Raceo) 2 + 0^) . 

ace=0 / ( n ) 
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The I-trace of the Ricci tensor can be calculated as 

tr E Ric| {7(r)) = r(S- Ric 33 ) (n) + r 2 (% - VoRic S o) (n) 

*J=0 ~ ~ / (n) 

The E-trace of the Ricci tensor satisfies 

m(m — 1) /— (m + 5)— — 



(r A ) 



tr n Ric| (7(r)) = h r I S Ric„o 

[m + 7), 



+r 2 [ S\o VoRic 55 



(«) 



(1 m (m + 9) 2 

3 RotojR^u - io - ^'oRiCoo 

(m + 14)^,- , 2 1__ \ 

*J=0 " / In) 



(r A ) 



(n) 

9.6. An expression for ifj. From the previous computations and formula (j3J), we obtain 
#n (7(r)) = T~ + o ( S - ( m + 3 ) Ric So) , 



(I (20 + 5m)-_ 
+ ( 2 15 ~ 16 — V ° Rlc ™ 



(n) 



;/ 7 V^tT tt^ (15 + 3m)-2 — 
+r I go 2^ R 5-3 Rlc ^ - 20 V » R '°°° 



(24) - ^(R 1C ^) ~ 7e E( R ^) 



90^^ 45 



m 



T 2 > 

+ ^Hesi(5)oo + ^ ( R ™) 2 

ace=0 



[A 



(n) 

Theorem 22. ^4 Riemannian manifold (of dimension m + 1) is locally flat if and only if 
the mean curvature of the second fundamental form of every geodesic hypersphere is equal 
to the constant |p (where r is the radius of the geodesic hypersphere). 

Proof. Suppose that (M,~g) is a Riemannian manifold for which the relation = |p 
holds for every geodesic hypersphere. Then for any choice ofn£M and eo € T n M, the 
coefficients of the positive powers of r in formula ( 1241 vanish. An analysis of the equation 

VnG M Ve G T„M with ||e || = 1, (m + 3)Ric(eo, eo) = S( n ) 
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gives that M is Ricci flat. The fact that the coefficient of r 3 vanishes implies that for each 
point n G M and for each unit vector £ G T n M, there holds 

(20 + 4m) ^ 2 _ 2 ^ 2 

«j=0 ace=0 

Both sides of the above equation can be integrated over the unit hypersphere of T n M with 
the help of the results of [HI EH]- By means of the resulting equation, it can be concluded 
that R vanishes. □ 

9.7. The area of geodesic hyperspheres, as measured by means of the second 
fundamental form. Let a m denote the area of a unit hypersphere in E m+1 . A calculation 
gives 



Areai(5f n (r)) = Pa, 



1 -r 2 



S 



i / i _ i m 

< 25 » +r4 ( m + l)( m + 3) (l8 (5 ' 2+ 15g ( Ri ^ 

aces=0 / ( n ) 

Thus, the following adaption of theorem 4.1 of [2] can be obtained. 



(n) 



Theorem 23. Let (M,~g) be a Riemannian manifold of dimension m + 1, and suppose 
that the area of every geodesic hypersphere of M , as seen in the geometry of the second 
fundamental form, is equal to r^a m (where r is the radius of the geodesic hypersphere, 
and a m is the area of the unit hypersphere ofW n+1 ). Then there holds 



(26) 



S = 0; 
IRII 2 = IIM 2 



Further, M is locally flat if any of the following additional hypotheses is made: 

(i) . dimM 5; 

(ii) . the Ricci tensor of M is positive or negative semi-definite (in particular if M is 

Einstein); 

(iii) . M is conformally flat and dimM ^ 6; 

(iv) . M is a Kahler manifold of complex dimension ^ 5; 

(v) . M is a Bochner flat Kahler manifold of complex dimension ^ 6; 

(vi) . M is a product of surfaces (with an arbitrary number of factors). 



Proof. The first part of the theorem follows immediately from the given power series 
expansion (1251) . Now assume (1261) is satisfied. 
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(i) Suppose that M has dimension ^ 5 (i.e., m ^ 4). The trivial case m = 1 should 
be excluded in the reasoning below. Let W denote the Weyl conformal curvature 
tensor of (M,~g). There holds 

< "~" 2 



||R||2_ ^ 2 2 

771 — 1 m(m — 1) 

m — 5 ,,— 2 



R < 0, 

777. — 1 " 

and consequently, = R. 

(ii) If eRic is positive semi-definite, for , for e = ±1, then ^ etrRic = eS = and 
consequently Ric = and R = 0. 

(iii) The case where dim M ^ 5 has already been proved. So assume M is a conformally 
flat Riemannian manifold which satisfies ( 1261) . dimM ^ 7 (i.e. m ^ 6) and 
^ ||R||. The fact that = ||W|| 2 implies 

(m - 1)||R|| 2 = 4||Ric~|| 2 = 4||R|| 2 < (m - 1)||R|| 2 , 

which is clearly a contradiction. 

(iv) and (v) can be proved similarly to the two previous cases by an analysis of the squared 
norm of the Bochner curvature tensor, (vi) can be proved in the same way as in [14J. □ 

Remark 24. For a given r > and n e M, the collection concentric geodesic hyper- 
spheres {^ n {f + s)} can be seen as a variation of & n (r) with variational vector field —U. 
An application of Theorem H] gives that the relation 

d 



-Arean(^ n (r)) = / # n dn n 

0r J 'Mr) 

holds. It can indeed be checked that the first terms in the power series expansion of both 
functions agree. 
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